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Abstract

Let
H=—-A+V(z) on L*R%),

where A denotes the Laplace operator in R% and V is a real-valued potential function of z € R<.
FEy, E1, Es, ... denote all non-positive eigenvalues of H. The Riesz mean
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should be estimated in the view of V.

Theorem 1 (Lieb and Thirring[9], 1976). Let v > 0. Assume that V_(z) = max{—V (), 0} satisfies the
condition V_ € L7T4/2(R). Then, there is L., 4 > 0 which is independent of V such that

SIBL < L [ V(@) da (1)

J

holds when v > 1/2 ford=1, v > 0 for d =2, and v > 0 for d > 3. Otherwise, there is V' that violates
the inequalities (1) for any finite choice of Ly 4.

e Lieb and Thirring [9]; almost all cases in Lieb-Thirring inequalities. (1976)
o Cwikel[1], Lieb[7] and Rozenbljum[10]; the critical case v = 0 for d > 3. (1970s)
e Weidl[13]; the remaining case v = 1/2 for d = 1. (1996)

The coefficients L., 4 should be compared to classical ones obtained by the semi-classical approximation

d _ joc 2y Fiy+1)
=’ [ 0= bE = ot

where I' is the Gamma function. It is also known that L. 4/ LEYE 4 = 1 for all possible v and d, and that
L%d/Lfy{d is non-increasing on 7.

e Helffer and Robert[3]; L"hd/L'Cyl,d > 1 for v < 1. (1990)
e Hundertmark, Lieb and Thomas[5]; Ly /21 = 2L'il/2,1. (1998)
e Hundertmark, Laptev and Weidl[4]; L, 1 = Lgl,l for v > 3/2. (2000)
e Laptev and Weidl[6]; L., 4 = Lfylyd if v > 3/2 for all d. (2000)
Dolbeault, Laptev and Loss [2] have improved the coefficient.
Recent result. Dolbeault, Laptev and Loss, 2008
Lia/L{'y <m/V3=181.. foradlld.
Rumin[11] and Solovej[12] has proposed a new approach of proving that

Recent result. Rumin and Solovej, 2011
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Lya/L{y < <d> .

Conjecture (Lieb and Thirring[9], 1976).

l
Liz=1Li;



Collorary (Stability of Matter [8]). Let Z,,q, = max;{Z;}. For all normalized, antisymmetric wave-
Sfunction ¢ with q spin states,

2
(6, H) = ~0.7470* N (14 2.56 Z,nau(M/N)/?) "

For ¢ € L?(R?) we use
(@) = F 7 [xpo.0 (1)6m)]
where F~1 is the Fourier inverse transform.

Condition 1 (sufficient). Let ¢; be the eigenfunction corresponding to the eigenvalue E; of H. Then,
there is k > 0 independent of x and n such that

(L= w23 165 @) < D Jos (@) a e,

where €, > 0 are some increasing sequence.

Theorem 2. If the condition holds, we can improve the estimate of the coefficients
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d/2
Lyq/L{ < ( )> with 0 < & < 4/(d +4).
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